
Modeling of random media and stochastic homogenization for elliptic
equations

R. Cottereau
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Examples of discrete disordered media

(a) Polycrystalline Material 1

524 Kumar e t  al. 

associated with a nucleus P in space contains all points in that space which 
are closer to P than to any other nucleus. The Voronoi tesselation thus 
produces convex polyhedral cells which have planar faces and completely 
fill the space. Most important from a physical point of view, the topology 
of the resulting cellular network is similar to that of ceramic and 
metallurgical microstructures. That is, every edge connects three gains and 
two vertices, and every vertex connects four edges, six faces, and four 
grains. Thus, a topological similarity exists, which is readily seen in Fig. 1. 

As emphasized in the seminal work of Smith (9) and expanded on by 
others (e.g., Rhines and Craig(l~ the topology of each grain in such a 
microstructure is characterized by a single parameter, which we take to be 
its number of faces F. One can then distinguish topological classes of grains 
which in metals and ceramics vary from F = 4 to 36, i.e., ~ 33 classes 

Fig. 1. (a) Three-dimensional microstructure revealed in the intragranular fracture cross 
section of polycrystalline electroceramic PbMgu3Nb2/303 (lead magnesium niobate). (b) 
Topologically similar three-dimensional Poisson Voronoi microstructure from the present 
work. 

(b) Cell material 2

The information is very rich : what parameter (connectivity, ”grain” size, correlation of
properties between two grains, ...) do you want your model to enforce ?
When (many) different samples are available, stationarity and ergodicity hypotheses can be
checked
Experimentally, one can measure the statistics of the different possible quantities of interest,
often assuming ergodicity

κ =

∫

D
κ(x)dx , Cκ(y) =

∫

D
κ(x)κ(y − x)dx

1. P. Mu. “Study of crack initiation in low-cycle fatigue of an austenitic stainless steel”. Thèse de doct. France : École Centrale de Lille, 2011

2. S. Kumar et al. “Properties of a three-dimensional Poisson-Voronoi tesselation : a Monte Carlo study”. In : J. Stat. Phys. 67.3-4 (1992), p. 523-551.
doi : 10.1007/BF01049719
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Examples of continuous complex recordings
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Figure – Example of a seismic record (right : zoom on the coda).
84

Figure 6.4: Correlation between wind speed and wave height in the yellow sea.

✓ stands for a particular sample belonging to an abstract probabilistic space (⌦✓, E , P )5. Such a
sample is called a sample path (see figure 6.4 for an illustration).

Continuity and derivatives

A stochastic process U with a continuous correlation function RU around t = t0 is called mean
square continuous. However, this does not mean at all that U has continuous sample paths. The
stochastic process U̇(t) is the derivative of the stochastic process U(t), and is defined as:

U̇(t) = lim
h!0

U(t + h) � U(t)

h
.

One can show that:

RU̇U (t, t0) = E(U̇(t)U(t0)) = @tRU (t, t0), (6.13)

RU̇ (t, t0) = E(U̇(t)U̇(t0)) = @2
tt0RU (t, t0). (6.14)

Indeed, when the derivative is bounded:

RU̇U (t) = lim
h!0

E

✓
U(t + h) � U(t)

h
U(t0)

◆
= lim

h!0

R(t + h, t0) � R(t, t0)
h

= @tRU (t, t0).

U(t) is said mean-square di↵erentiable when R̈U is continuous at t = t0. In this case, U has almost
surely continuous sample paths.

5E is the so-called ��algebra consisting of a set of subsets of ⌦✓, called events. This set is invariant with respect
to countable union and complement with respect to ⌦✓. At last, P is a bounded positive measure on E satisfying:
P (⌦✓) = 1 and P ([nEn) =

P
n P (En), En 2 E when En \ En0 = ;.

Figure – Correlation between wind speed and wave height in the Yellow Sea
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Examples of power spectral density 83

Power Spectral density

The power spectral density SF (!) of the centered stationary stochastic process F (t) is the Fourier
transform of its correlation function RF , with a scaling factor of 2⇡:

SF (!) =
1

2⇡

Z

R
RF (t)e�i!tdt =

1

⇡

Z

R+

RF (t) cos!tdt. (6.10)

As a consequence, SF is a real and even function of the frequency. It can be shown to be positive:

SF (�!) = SF (!) = S⇤
F (!) � 0, (6.11)

where ⇤ stands for the conjugate complex. It characterises the frequency content of the stochastic
process, and its integral over R is related to the square of the standard deviation:

�2
F =

Z

R
SF (!)d!. (6.12)

Sample paths

Up to now, stochastic processes have been considered as a finite set of random variables defined at
given time instants tn. Another more abstract perspective consists in defining stochastic processes
as random functions of time. One given sample is a deterministic function of time f(t, ✓) where

is required to fully characterise a random process. These marginal distributions are not independent one from the
others since they have to satisfy the so-called Direct Kolmogorov equation:

pF (f1, ...fn�1; t1, ..tn�1) =

Z
R

pF (f1, ...fn�1, fn; t1, ..tn�1, tn)dfn,

which holds true for all n > 0.
4As far as stationary processes are concerned, the vanishing argument of the correlation function will be dropped

out in the following.
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Examples of quasi-periodic structures

(a) Silicon carbide fibres in a titanium matrix ( c© ONERA) (b) Carbon fibres woven material

Man-made material can potentially be ”almost” periodic

How much does the influence of small deviations from periodicity influence the final design ?
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Generation of samples of discrete random media

PolyMesher: a general-purpose mesh generator for polygonal elements written in Matlab 313

Fig. 4 a Voronoi diagram and
its dual, the Delaunay
triangulation; b Illustrating the
difference between Vy, defined
in (10) as the Voronoi cell, and
Vy ∩ !, as the regions making
up the Voronoi tessellation of !
(cf. 9)

(a) (b)

Clearly ∇yE = 0 when relation (11) holds. Moreover, CVTs
can be further classified based on the minimization of the
energy functional. The CVTs corresponding to saddle points
of E are called unstable while local and global minimizers

(for fixed number of seeds) of the energy functional are
known as stable and optimal CVTs, respectively (Du and
Wang 2005; Liu et al. 2009). The CVTs in the latter groups
form a more compact tessellation of the domain and due

Fig. 5 a Random initial point
set P1 and the corresponding
Voronoi diagram; b First
iteration of Lloyd’s method: the
Voronoi diagram generated by
P2 = L(P1), i.e., the centroids
of the Voronoi cells of P1; c
Distribution of seeds and the
diagram after 80 iterations (d)
Monotonic convergence of the
energy functional and decay in
the norm of its gradient

(a) (b)

(c) (d)

(a) 2D model of a polycrystalline material 3

f ¼ 1
ðkÞNðjÞB

XNC

j¼1

XN
ðjÞ
N

k¼1

XðkÞN
ðjÞ
B

n¼1

djkv j

v j cosðbjn Þ þ vk cosðbkn
Þ
% djn

 !2

; ð8Þ

for ðkÞNðjÞB being the number of boundary nodes shared by grains Cj

and Ck; NðjÞN being the number of neighbors of grain j. An equivalent
objective function can be obtained for the EGT model by replacing
v j with vðh;/Þj (see Eq. (4)). Such an optimization can be very
expensive if the data set contains many grains. However, it is uti-
lized in the example in Section 5.1 to verify that the estimated para-
meters of the SGT model give results nearly identical to the best
attainable realization through Eq. (8).

4. Sample generation of growth models

For a given realization of parameters for a tessellation model,
the associated sample virtual microstructure is generated in the
following three steps. This procedure is preferred to growing the
grains in the time domain because of the ease to which this process
can be parallelized.

1. Voxel assignment to grains: The domain is voxelated and each
voxel is assigned to the grain that takes the least time to reach
the centroid, x̂, of the voxel without interruption, that is

min
j
kXj % x̂k=vðh;/Þj
h i

for the EGT model and dropping the

h;/ dependence of grain velocity for the SGT model.
2. Ensure that every grain is simply connected: Since the voxel

assignment in step 1 does not consider the intersection of grow-
ing grains, erroneous disconnected grain sets arise. The set of

simply connected grain voxels is obtained by first identifying
the voxel containing the nucleation site of a grain and then
iteratively identifying neighboring voxels that are assigned to
the same grain. After no new voxels are identified, the discon-
nected voxels are the voxels assigned to the grain that have
not been identified. These voxels are assigned to grains as per
step 1 where all grains except grains previously assigned to
the voxels compete. This process is repeated until all grains
are simply connected.

3. Eliminate grains that are completely enclosed by another grain:
The number of neighbors of each grain is counted. Grains that
have one neighbor are eliminated and their voxels are reas-
signed to its neighbor.

Step 1 is equivalent to a point membership query with the pre-
dicate being a logical statement returning true for the grain reach-
ing x̂ first [48], while steps 2 and 3 are common operations in
computer graphics to identify connected components and to fill
voided volumes, respectively [21]. A sample microstructure of
the EGT model consisting of ½189' 201' 117( voxels and 2353
grains takes approximately 8 min on a 1:7 GHz Intel Core i7 pro-
cessor running a serial Fortran90 code, while the corresponding
SGT model takes approximately 2 min.

5. Examples

5.1. 3D reconstructed nickel superalloy IN100

An Example 3D microstructure data set of a Nickel IN100 super-
alloy is freely available through the DREAM.3D open source

Fig. 2. Reconstructed microstructure of IN100 Nickel superalloy data set along with best-fit realizations of tessellation models: (a) IN100 reconstructed data, (b) best-fit EGT
realization, (c) best-fit SGT realization and (d) best-fit VT realization.

60 K. Teferra, L. Graham-Brady / Computational Materials Science 102 (2015) 57–67

(b) 3D model of a polycrystalline material 4

1 Draw n points (for instance uniformly in space) (xk )1≤k≤n ∈ Rd

2 Generate the Voronoi tesselation, that is, for each 1 ≤ k ≤ n,

V (xk ) =
{
x ∈ Rd , |x − xk | < |x − x j |, j 6= k

}

3 Draw (following appropriate probability law) realizations of the mechanical parameter
associated to each V (xk ).

3. C. Talischi et al. “PolyMesher : a general-purpose mesh generator for polygonal elements written in Matlab”. In : Struct. Multidisc. Optim. 45 (2012),
p. 309-328. doi : 10.1007/s00158-011-0706-z

4. K. Teferra et L. Graham-Brady. “Tesselation growth models for polycrystalline microstructures”. In : Comp. Mat. Sci. 102 (2015), p. 57-67. doi :
10.1016/j.commatsci.2015.02.006
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Generation of samples of discrete random media

Figure – Simulation of the influence of grains at the tip of a fracture 5

Once generated (for instance using point processes), it is possible to obtain (at least
numerically) statistics of the continuous fields of mechanical parameters

(κ∗)−1 =
1

N

N∑

j=1

∫

D
κ−1
j (x)dx , Cκ(y) =

1

N

N∑

j=1

∫

D
κ(x)κj (y − x)dx

Samples can be generated (contrarily to experiments), so stationarity or ergodicity can be
checked.

5. T. Milanetto-Schlittler et R. Cottereau. “Fully scalable implementation of a volume coupling scheme for the modeling of polycrystalline
materials”. In : Comp. Mech. 60.5 (2017), p. 827-844. doi : 10.1007/s00466-017-1445-9
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https://doi.org/10.1007/s00466-017-1445-9


Raining technique

Check the statistics ! ! !
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Discrete or continuous random fields ?

Low-frequency homogenization
`c << � ⇡ L

Wave equation with homogenized coe�cients [Capdeville et al., 2010]

⇢e↵@ttu = r ·
⇣
Ce↵(x) : r⌦ u

⌘
+ ⇢e↵ f

Ce↵(x) is anisotropic because of spatial variation, even for locally isotropic material.
910 Y. Capdeville, L. Guillot and J.-J. Marigo

Figure 7. Kinetic energy snapshot at t = 1.4 s in the Marmousi2 model for an explosion located at x0 = t(8 km, −100 m) (red diamond). The blue diamond is
the receiver location used in Figs 9 and 20.

Figure 8. Sample of the spectral element mesh (black lines) used here. All physical discontinuities (grey lines) are matched by a mesh interface. The background
colour is the S-wave velocity with the same colour code as for Fig. 6.
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Figure 7. Kinetic energy snapshot at t = 1.4 s in the Marmousi2 model for an explosion located at x0 = t(8 km, −100 m) (red diamond). The blue diamond is
the receiver location used in Figs 9 and 20.

Figure 8. Sample of the spectral element mesh (black lines) used here. All physical discontinuities (grey lines) are matched by a mesh interface. The background
colour is the S-wave velocity with the same colour code as for Fig. 6.

C⃝ 2010 The Authors, GJI, 182, 903–922
Journal compilation C⃝ 2010 RAS

920 Y. Capdeville, L. Guillot and J.-J. Marigo

Figure 19. Sample of the spectral element mesh (black lines) used to solve the wave equation with the order 0 homogenized Marmousi2 model. The background
colour is the corresponding order 0 homogenized S velocity with the same colour code as for Fig. 18.

Figure 20. Left column graphs: velocity traces recorded at receiver 48. The reference solution (black line) is compared to the velocity filtering upscaled model
(green line) and to the order 0 homogenized solution (red line). Both vertical (top graph) and horizontal (bottom graph) components are shown. Right column
graphs: residuals between the reference solution and the order 0 homogenized solution (red line) and between the reference solution and the velocity filtering
upscaled model (green line) for both vertical (top graph) and horizontal components (bottom graph).

media). Once this is done, the homogenization expansion is similar
to the one of classical two-scale periodic homogenization. In the
general case, it is not possible to go beyond the calculation of the
leading order of the expansion, and that of the first-order corrector.

This nevertheless allows to find an effective medium to any general
elastic medium with fast variations in all spatial directions. It also
allows to retrieve the leading order corrector to a moment tensor
source type as well as the first-order correction at a receiver location,
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Journal compilation C⃝ 2010 RAS
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Figure 19. Sample of the spectral element mesh (black lines) used to solve the wave equation with the order 0 homogenized Marmousi2 model. The background
colour is the corresponding order 0 homogenized S velocity with the same colour code as for Fig. 18.

Figure 20. Left column graphs: velocity traces recorded at receiver 48. The reference solution (black line) is compared to the velocity filtering upscaled model
(green line) and to the order 0 homogenized solution (red line). Both vertical (top graph) and horizontal (bottom graph) components are shown. Right column
graphs: residuals between the reference solution and the order 0 homogenized solution (red line) and between the reference solution and the velocity filtering
upscaled model (green line) for both vertical (top graph) and horizontal components (bottom graph).

media). Once this is done, the homogenization expansion is similar
to the one of classical two-scale periodic homogenization. In the
general case, it is not possible to go beyond the calculation of the
leading order of the expansion, and that of the first-order corrector.

This nevertheless allows to find an effective medium to any general
elastic medium with fast variations in all spatial directions. It also
allows to retrieve the leading order corrector to a moment tensor
source type as well as the first-order correction at a receiver location,
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Figure 19. Sample of the spectral element mesh (black lines) used to solve the wave equation with the order 0 homogenized Marmousi2 model. The background
colour is the corresponding order 0 homogenized S velocity with the same colour code as for Fig. 18.

Figure 20. Left column graphs: velocity traces recorded at receiver 48. The reference solution (black line) is compared to the velocity filtering upscaled model
(green line) and to the order 0 homogenized solution (red line). Both vertical (top graph) and horizontal (bottom graph) components are shown. Right column
graphs: residuals between the reference solution and the order 0 homogenized solution (red line) and between the reference solution and the velocity filtering
upscaled model (green line) for both vertical (top graph) and horizontal components (bottom graph).

media). Once this is done, the homogenization expansion is similar
to the one of classical two-scale periodic homogenization. In the
general case, it is not possible to go beyond the calculation of the
leading order of the expansion, and that of the first-order corrector.

This nevertheless allows to find an effective medium to any general
elastic medium with fast variations in all spatial directions. It also
allows to retrieve the leading order corrector to a moment tensor
source type as well as the first-order correction at a receiver location,
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Motivation
Low frequency regime : `c << � ⇡ L

Wave equation with homogenized coe�cients [Capdeville et al., 2010]

⇢e↵@ttu = r ·
⇣
Ce↵(x) : r⌦ u

⌘
+ ⇢e↵ f

Ce↵(x) is anisotropic because of spatial variation, even for locally isotropic material.
910 Y. Capdeville, L. Guillot and J.-J. Marigo

Figure 7. Kinetic energy snapshot at t = 1.4 s in the Marmousi2 model for an explosion located at x0 = t(8 km, −100 m) (red diamond). The blue diamond is
the receiver location used in Figs 9 and 20.

Figure 8. Sample of the spectral element mesh (black lines) used here. All physical discontinuities (grey lines) are matched by a mesh interface. The background
colour is the S-wave velocity with the same colour code as for Fig. 6.
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Figure 7. Kinetic energy snapshot at t = 1.4 s in the Marmousi2 model for an explosion located at x0 = t(8 km, −100 m) (red diamond). The blue diamond is
the receiver location used in Figs 9 and 20.

Figure 8. Sample of the spectral element mesh (black lines) used here. All physical discontinuities (grey lines) are matched by a mesh interface. The background
colour is the S-wave velocity with the same colour code as for Fig. 6.
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Figure 19. Sample of the spectral element mesh (black lines) used to solve the wave equation with the order 0 homogenized Marmousi2 model. The background
colour is the corresponding order 0 homogenized S velocity with the same colour code as for Fig. 18.

Figure 20. Left column graphs: velocity traces recorded at receiver 48. The reference solution (black line) is compared to the velocity filtering upscaled model
(green line) and to the order 0 homogenized solution (red line). Both vertical (top graph) and horizontal (bottom graph) components are shown. Right column
graphs: residuals between the reference solution and the order 0 homogenized solution (red line) and between the reference solution and the velocity filtering
upscaled model (green line) for both vertical (top graph) and horizontal components (bottom graph).

media). Once this is done, the homogenization expansion is similar
to the one of classical two-scale periodic homogenization. In the
general case, it is not possible to go beyond the calculation of the
leading order of the expansion, and that of the first-order corrector.

This nevertheless allows to find an effective medium to any general
elastic medium with fast variations in all spatial directions. It also
allows to retrieve the leading order corrector to a moment tensor
source type as well as the first-order correction at a receiver location,
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Figure 19. Sample of the spectral element mesh (black lines) used to solve the wave equation with the order 0 homogenized Marmousi2 model. The background
colour is the corresponding order 0 homogenized S velocity with the same colour code as for Fig. 18.

Figure 20. Left column graphs: velocity traces recorded at receiver 48. The reference solution (black line) is compared to the velocity filtering upscaled model
(green line) and to the order 0 homogenized solution (red line). Both vertical (top graph) and horizontal (bottom graph) components are shown. Right column
graphs: residuals between the reference solution and the order 0 homogenized solution (red line) and between the reference solution and the velocity filtering
upscaled model (green line) for both vertical (top graph) and horizontal components (bottom graph).

media). Once this is done, the homogenization expansion is similar
to the one of classical two-scale periodic homogenization. In the
general case, it is not possible to go beyond the calculation of the
leading order of the expansion, and that of the first-order corrector.

This nevertheless allows to find an effective medium to any general
elastic medium with fast variations in all spatial directions. It also
allows to retrieve the leading order corrector to a moment tensor
source type as well as the first-order correction at a receiver location,
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Figure 19. Sample of the spectral element mesh (black lines) used to solve the wave equation with the order 0 homogenized Marmousi2 model. The background
colour is the corresponding order 0 homogenized S velocity with the same colour code as for Fig. 18.

Figure 20. Left column graphs: velocity traces recorded at receiver 48. The reference solution (black line) is compared to the velocity filtering upscaled model
(green line) and to the order 0 homogenized solution (red line). Both vertical (top graph) and horizontal (bottom graph) components are shown. Right column
graphs: residuals between the reference solution and the order 0 homogenized solution (red line) and between the reference solution and the velocity filtering
upscaled model (green line) for both vertical (top graph) and horizontal components (bottom graph).

media). Once this is done, the homogenization expansion is similar
to the one of classical two-scale periodic homogenization. In the
general case, it is not possible to go beyond the calculation of the
leading order of the expansion, and that of the first-order corrector.

This nevertheless allows to find an effective medium to any general
elastic medium with fast variations in all spatial directions. It also
allows to retrieve the leading order corrector to a moment tensor
source type as well as the first-order correction at a receiver location,
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Motivation
Low frequency regime : `c << � ⇡ L

Wave equation with homogenized coe�cients [Capdeville et al., 2010]

⇢e↵@ttu = r ·
⇣
Ce↵(x) : r⌦ u

⌘
+ ⇢e↵ f

Ce↵(x) is anisotropic because of spatial variation, even for locally isotropic material.
910 Y. Capdeville, L. Guillot and J.-J. Marigo

Figure 7. Kinetic energy snapshot at t = 1.4 s in the Marmousi2 model for an explosion located at x0 = t(8 km, −100 m) (red diamond). The blue diamond is
the receiver location used in Figs 9 and 20.

Figure 8. Sample of the spectral element mesh (black lines) used here. All physical discontinuities (grey lines) are matched by a mesh interface. The background
colour is the S-wave velocity with the same colour code as for Fig. 6.
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Figure 7. Kinetic energy snapshot at t = 1.4 s in the Marmousi2 model for an explosion located at x0 = t(8 km, −100 m) (red diamond). The blue diamond is
the receiver location used in Figs 9 and 20.

Figure 8. Sample of the spectral element mesh (black lines) used here. All physical discontinuities (grey lines) are matched by a mesh interface. The background
colour is the S-wave velocity with the same colour code as for Fig. 6.
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Figure 19. Sample of the spectral element mesh (black lines) used to solve the wave equation with the order 0 homogenized Marmousi2 model. The background
colour is the corresponding order 0 homogenized S velocity with the same colour code as for Fig. 18.

Figure 20. Left column graphs: velocity traces recorded at receiver 48. The reference solution (black line) is compared to the velocity filtering upscaled model
(green line) and to the order 0 homogenized solution (red line). Both vertical (top graph) and horizontal (bottom graph) components are shown. Right column
graphs: residuals between the reference solution and the order 0 homogenized solution (red line) and between the reference solution and the velocity filtering
upscaled model (green line) for both vertical (top graph) and horizontal components (bottom graph).

media). Once this is done, the homogenization expansion is similar
to the one of classical two-scale periodic homogenization. In the
general case, it is not possible to go beyond the calculation of the
leading order of the expansion, and that of the first-order corrector.

This nevertheless allows to find an effective medium to any general
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Figure 19. Sample of the spectral element mesh (black lines) used to solve the wave equation with the order 0 homogenized Marmousi2 model. The background
colour is the corresponding order 0 homogenized S velocity with the same colour code as for Fig. 18.

Figure 20. Left column graphs: velocity traces recorded at receiver 48. The reference solution (black line) is compared to the velocity filtering upscaled model
(green line) and to the order 0 homogenized solution (red line). Both vertical (top graph) and horizontal (bottom graph) components are shown. Right column
graphs: residuals between the reference solution and the order 0 homogenized solution (red line) and between the reference solution and the velocity filtering
upscaled model (green line) for both vertical (top graph) and horizontal components (bottom graph).
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Discrete or continuous heterogeneity is often a modeling assumption more than a ”fact”

*wink* : homogenization is useful ! !
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Generation of samples of a continuous random field

Realizations of a continuous Gaussian random field with expectation a0 and power spectral
density S(k) can be generated using the following spectral representation formula 6 :

A(x) = a0 + 2
N∑

j=1

√
S(kj )δkζj cos(kjx + φj )

where kj = jδk, and the {ζj}1≤j≤N et {φj}1≤j≤N are families of independent random variables,
respectively with average 0 and variance 1 (any probability density), and uniform on [−π, π].

The only control on the field is on its expectation and covariance (in particular, all the
marginal laws are Gaussian).

Can be easily (but not necessarily cheaply) generalized to multidimensional fields

Very efficient FFT scheme.

Other techniques exist (see Olivier’s talk ?)

6. M. Shinozuka et G. Deodatis. “Simulation of stochastic processes by spectral representation”. In : Appl. Mech. Rev. 44.4 (1991), p. 191-205. doi :
10.1115/1.3119501
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Large scale generation of random fields : overlap and merge 7

Issue

N increases with the total size of the generation domain even for fixed correlation length

We are performing a sum of functions correlated over the entier to retrieve a function
correlated only over a correlation length

Idea

Generate independent random fields uj (x) over each domain for an overlapping partition P

Assemble the field through partition of unity functions ψj (x)

u(x) =
∑

j∈P

√
ψj (x)uj (x)

7. L. de Carvalho Paludo, V. Bouvier et R. Cottereau. “Scalable parallel scheme for sampling of Gaussian random fields over large domains”. In :
Int. J. Numer. Meth. Engr. 117.8 (2019), p. 845-859. doi : 10.1002/nme.5981

R. Cottereau (CNRS) École d’été de Mécanique Théorique Sept. 2020 14 / 53

https://doi.org/10.1002/nme.5981


Illustration in 2D

Generating a random field with the overlapping technique
Summary

Generate independent fields
(ui )

Multiplicate each field by the
square root of a partition of

unity
(ui

p
 i )

Sum all the fields
(
P

ui
p
 i )

Now we can keep the number of operations per independent field µi constant.
Scales (by block) as O(Nµ)

L. C. Paludo (CentraleSupélec) Error Estimation and Parallel Random Field Sampling CSMA, May 2017 17 / 20
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Weak scalability of local scheme (versus global scheme)
on Igloo (SGI machine with 800 Intel Xeon X5650 cores at Châtenay-Malabry, France)

Weak scalability of global and local schemes
on Igloo (SGI machine with 800 Intel Xeon X5650 cores at Chatenay-Malabry, France)

on each processor : 8 ⇥ 106 DOFs, 30 ⇥ 30 ⇥ 60 `3
c

overlap = 5`c (in overlapping technique)

L. C. Paludo (CentraleSupélec) Error Estimation and Parallel Random Field Sampling CSMA, May 2017 18 / 20
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Random field generation over large cluster
Generation over 300`c × 300`c × 300`c in 116 s (walltime) over 512 processors

Development of an open-source library for large-scale generation of random fields
https://github.com/cottereau/randomField

(based on MPI, pHDF5, FFTW)
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Comparison of power spectral density models
Centered Gaussian fields with τc = 1 et σ2 = 1 (in 2D)

(a) Exponential (b) Power law (c) Gaussian

(d) Triangular (e) Truncated white noise
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Objectives of homogenization
Example of a diffusion problem (elliptic equation)

Micro-scale problem

−∇ · A
( x
ε

)
∇uε

(
x ,

x

ε

)
= f (x), in D

uε = 0, on ∂D

Macro-scale problem

, in D

u∗ = 0, on ∂D

How to find the homogenized equation (and does it exist ?) and its coefficients ?
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∇uε

(
x ,

x

ε

)
= f (x), in D

uε = 0, on ∂D

Macro-scale problem

L(u∗(x), x ; f (x)) = 0, in D
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Objectives of homogenization
Example of a diffusion problem (elliptic equation)

Micro-scale problem

−∇ · A
( x
ε

)
∇uε

(
x ,

x

ε

)
= f (x), in D

uε = 0, on ∂D

Macro-scale problem

−∇ · A∗ (x)∇u∗(x) = f (x), in D

u∗ = 0, on ∂D

How to find the homogenized equation (and does it exist ?) and its coefficients ?
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General principle of multi-scale homogenization
Description of the micro-scale problem

Sequence of problems indexed on ε : Find uε ∈ H1
0 (D) such that

−∇ · A
( x
ε

)
∇uε

(
x ,

x

ε

)
= f (x), in D

uε = 0, on ∂D

If f ∈ L2(D), then the problem is well posed : there exists a unique solution uε ∈ H1
0 (D) and

‖uε‖H1
0 (D) ≤ C‖f ‖L2(D)

Study of the convergence of uε → u∗
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Multi-scale homogenization
General principle

Expanding the solution using a separation of scales assumption ε� 1

uε(x) =
+∞∑

k=0

εkuk

(
x , y =

x

ε

)

Introduction of the ansatz in the diffusion equation (micro)

Modification of the derivation operator

∇ = ε−1∇y +∇x

using the relation, valid for functions vε(x) = v(x , x/ε),

∇vε(x) =

[
1

ε
∇yv(x , y) +∇xv(x , y)

]

y= x
ε

A sequence of problems is obtained for each power of ε

This part follows G. Allaire’s course notes 8. The classical book 9 is extremely clear, and treats
both periodic and stochastic cases.

8. G. Allaire. “Introduction to homogenization theory”. In : Multiscale methods – 32nd Computational Fluid Dynamics. Sous la dir. de H. Deconinck.
Von Karman Institute Lecture Series. Von Karman Institute, 2002

9. A. Bensoussan, J.-L. Lions et G. Papanicolaou. Asymptotic analysis for periodic structures. Studies in Mathematics and its Applications 5. North
Holland, 1978
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Two-scale homogenization
General expansion

−ε−2 [∇y · A∇yu0]
(
x ,

x

ε

)

−ε−1 [∇y · A(∇xu0 +∇yu1) +∇x · A∇yu0]
(
x ,

x

ε

)

−ε0 [∇y · A(∇xu1 +∇yu2) +∇x · A(∇xu0 +∇yu1)]
(
x ,

x

ε

)

−
+∞∑

k=1

εk [∇x · A(∇xuk +∇yuk+1) +∇y · A(∇xuk+1 +∇yuk+2)]
(
x ,

x

ε

)

= f (x)
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Two-scale homogenization

Cancellation of ε−2 order term

−∇y · A(y)∇yu0(x , y) = 0

The leading-order term is the solution of the homogenized problem

u0(x , y) = u(x)
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Two-scale homogenization

Cancellation of ε−1 order term

−∇y · A(y)∇yu1(x , y) = ∇y · A(y)∇xu(x)

Proportionality of u1(x , y) and ∇xu(x) :

u1(x , y) = w(y) · ∇xu(x) =
d∑

k=1

(wk (y)ek ) · ∇xu(x)

Defines the corrector problems with periodic boundary conditions :

−∇y · A(y)∇ywk (y) = ∇y · A(y)ek
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Two-scale homogenization

Cancellation of ε0 order term

−∇y · A(y)∇yu2(x , y) = ∇y · A(y)∇xu1 +∇x · A(y)(∇yu1 +∇xu) + f (x)

Theorem 1 (Fredholm alternative)

Let f (y) ∈ L2
#(Y ) be a periodic function. There exists a solution in H1

#(Y ) of

−∇y · (A(y)∇yw(y)) = f (y)

if and only if
∫
Y f (y)dy = 0. The solution is unique up to an additive function.

Using
∫
Y ∇y · α(x , y)dy = 0 for α Y-periodic, this yields :

(
1

|Y |

∫

Y
−∇x · A(y) (∇yu1 +∇xu) dy

)
= f (x)

−∇x ·
(

1

|Y |

∫

Y
A(y) (I +∇yw(y)) dy

)
∇xu = f (x)

This equation is the homogenized equation and

A∗ =
1

|Y |

∫

Y
A(y) (I +∇yw(y)) dy =

1

|Y |

∫

Y
(I +∇yw(y))TA(y)(I +∇yw(y))dy
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Two-scale homogenization
Summary

Corrector problem

For each basis vector e i (canonical basis of Rd ), find wi ∈ H1
#(Y ) such that

−∇y · A(y)(e i +∇ywi (y)) = 0, in Y .

Macro-scale problem

Find u∗ ∈ H1
0 (D) such that

−∇ · A∗ (x)∇u∗(x) = f (x), in D, et u∗ = 0, on ∂D

with

A∗ =
1

|Y |

∫

Y
(I +∇yw(y))TA(y)(I +∇yw(y))dy .

Homogenized solution

uε ≈ u(x) + ε w(y) · ∇xu(x)

The approach described before is very efficient at providing the ”correct” homogenized solution
but other methods are often needed to prove that it is indeed correct (energy method, ...).
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Numerical approximations

Corrector problem

For each basis vector e i , find wi ∈ H1
#(Y ) such that

−∇y · A(y)(e i +∇ywi (y)) = 0, in Y

provides micro-scale information on the reaction of the medium to macro-scale excitations

must (in general) be approximated numerically

the problem is set on a cell (much cheaper numerically than the micro-scale problem) ...
NB : this will not be true anymore in stochastics ...
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Functional characterization of the homogenized tensor

Homogenized tensor

A∗ =
1

|Y |

∫

Y
(I +∇yw(y)) · A(y)(I +∇yw(y))dy

Redefining the homogenized problem as a minimization problem

A∗jj =
1

|Y | min
w(y)∈H1

#
(Y )

∫

Y
(e j +∇ywj ) · A(e j +∇ywj )dy
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Voigt and Reuss bounds

Voigt (upper) bound

For w(y) = cst

A∗jj ≤ e j ·
(

1

|Y |

∫

Y
A dy

)
e j

Reuss (lower) bound

By increasing the space over which minimization is performed

A∗jj ≥ min
ζ(y)∈(L2

#
(Y ))d ,

∫
Y ζdy=0

∫

Y
(e j + ζj ) · A(e j + ζj )dy = e j ·

(
1

|Y |

∫

Y
A−1dy

)−1

e j
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Some preliminary notations

H = L2(Θ, T ,P) is the Hilbert space of square integrable functions on Θ with

E [gh] =

∫

Θ
g(θ)h(θ)P(dθ)

H = L2(D,H) is the Hilbert space of square integrable functions on D with values in H with

(u, v) =

∫

D
E[u(x)v(x)]dx =

∫

D

∫

Θ
u(x , θ)v(x , θ)P(dθ)dx

H1 = H1(D,H) is the Hilbert space of H-valued functions over D whose derivatives are
square integrable with

(u, v)1 = (u, v) +
d∑

k=1

(
∂u

∂xk
,
∂v

∂xk

)

H1
0 = H1

0 (D,H) is the Hilbert space of H-valued functions with square integrable derivatives
and such that u = 0 on ∂D

This part follows Papanicolaou and Varadhan’s paper 10

10. G. C. Papanicolaou et S. R. S. Varadhan. “Boundary value problems with rapidly oscillating random coefficients”. In : Proceedings of the
Conference on Random Fields. Sous la dir. de J. Fritz et J. L. Lebowitz. T. 2. Seria Colloquia Mathematica Societatis Janos Bolyai 27. North Holland,
1981, p. 835-873
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Hypotheses on the diffusion tensor

Diffusion tensor

We consider a strictly stationary matrix-valued continuous random field of diffusion tensor
A(y , θ) = aij (y , θ)e i ⊗ e j bounded and coercive

the probability measure P is invariant with respect to the translation group τx : Θ→ Θ
defined by

(τxθ)(y) = θ(y − x), ∀x , y ∈ Rd .

For stationary random fields, we introduce the notation

Ãij (θ) = Aij (0, θ), such that Aij (x , θ) = Ãij (τxθ)

The translation group is also assumed ergodic : the only sets that are invariant are such that
P(A) = 0 or 1.

the continuity is such that

lim
h→0

P [|A(y + h, θ)− A(y , θ)| > δ] = 0, ∀δ > 0, y ∈ Rd

∃a0 > 0 such that

a0|ξ|2 ≤ ξ · A(y , θ) · ξ ≤ a−1
0 |ξ|2, ∀y , ξ ∈ Rd , ∀θ ∈ Θ
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General setting

We consider a strictly stationary continuous random field A(y) bounded and coercive ...

... and a sequence of problems parameterized by ε : Find uε(x , θ) ∈ H1
0 such that

∫

D

∫

Θ

(
A
( x
ε
, θ
)
∇uε(x , θ)

)
· ∇φ(x , θ)P(dθ)dx =

∫

D

∫

Θ
f (x)φ(x , θ)P(dθ)dx , ∀φ ∈ H1

0

(1)
where f (x) ∈ L2(D,R) is a given deterministic function

Each problem has a unique solution (by Lax-Milgram), which is bounded

(uε, uε)1 ≤ C

∫

D
|f (x)|2dx
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Weak convergence theorem

Theorem 2 (Weak convergence)

The solution uε ∈ H1
0 converges weakly in H1

0 to the solution u(x) ∈ H1
0 (D,R) of the

deterministic variational problem

∫

D
(A∗∇u(x)) · ∇φ(x)dx =

∫

D
f (x)φ(x)dx , ∀φ(x) ∈ H1

0 (D,R)

Here, the homogenized matrix A∗ is a constant matrix defined by

A∗ = E
[
Ã
(
I + ψ̃

)]
,

where the corrector strains ψ̃ are stationary and defined below (Theorem 3)

Weak convergence means

lim
ε→0

(uε, φ)1 = (u, φ)1, ∀φ ∈ H1
0

The homogenized problem is no longer stochastic
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Corrector problem

Theorem 3 (Correctors)

There exist functions ψ̃k ∈ Hd , 1 ≤ k ≤ d , such that

E
[
Ã(ek + ψ̃k ) · ∇φ̃

]
= 0, ∀φ̃ ∈ H1

Furthermore, there exist uniquely defined random fields w = (wk (x , θ))1≤k≤d that are not

stationary, but whose gradients are stationary, and such that w(0, θ) = 0 and

∇wk (x , θ) = ψk (x , θ) = ψ̃
k

(τ−xθ).

We denote ψ̃ = {ψ̃k}1≤k≤d .

Proof : see 11

11. G. C. Papanicolaou et S. R. S. Varadhan. “Boundary value problems with rapidly oscillating random coefficients”. In : Proceedings of the
Conference on Random Fields. Sous la dir. de J. Fritz et J. L. Lebowitz. T. 2. Seria Colloquia Mathematica Societatis Janos Bolyai 27. North Holland,
1981, p. 835-873
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Steps of the proof of Theorem 2 (energy method)

Issue : the product of two weakly converging sequences A(x/ε) and ∇uε does not necessarily
converge to the product of the limit (but ξε = A(x/ε)∇uε(x) does)

Solution : use a particular test function (oscillating function) φε that allows to pass to the
limit

φε(x) = φ(x) + ε
d∑

j=1

w∗j (x/ε)
∂φ(x)

∂xj

where w∗k is solution to the adjoint corrector problem (with diffusion matrix AT loaded in
direction ek ). Note that

∇φε(x) =
d∑

j=1

∂φ(x)

∂xj

(
e j +∇yw

∗
j (x/ε)

)
+ ε

d∑

j=1

w∗j (x/ε)∇∂φ(x)

∂xj

In the weak formulation
(A(x/ε)∇uε,∇φε) = (f ,∇φε)

−


uε,∇ ·


AT (x/ε)

d∑

j=1

∂φ(x)

∂xj

(
e j +∇yw

∗
j (x/ε)

)



+ εC = (f ,∇φε)

−
d∑

j=1

(
uε,

(
∇∂φ(x)

∂xj

)(
AT (x/ε)

(
e j +∇yw

∗
j (x/ε)

)))
+ εC = (f ,∇φε)
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Strong convergence theorem

Theorem 4 (Strong convergence)

Let uε ∈ H1 be the solution of (1) and u ∈ H1(Rd ,R) be the solution of the deterministic
variational problem

∫

D
(A∗∇u(x)) · ∇φ(x)dx =

∫

D
f (x)φ(x)dx , ∀φ(x) ∈ H1

0 (Rd ,R),

where the homogenized matrix A∗ is defined as earlier. Then

lim
ε→0

∫

Rd

∫

Θ
|uε(x , θ)− u(x)|2 P(dθ)dx = 0

and

lim
ε→0

∫

Rd

∫

Θ

∥∥∥∥∥∇uε(x , θ)−∇u(x)−
d∑

k=1

ψk
( x
ε
, θ
) ∂u(x)

∂xk

∥∥∥∥∥

2

P(dθ)dx = 0

where the corrector strains ψk were defined earlier (Theorem 3)

Proof : see 12

12. G. C. Papanicolaou et S. R. S. Varadhan. “Boundary value problems with rapidly oscillating random coefficients”. In : Proceedings of the
Conference on Random Fields. Sous la dir. de J. Fritz et J. L. Lebowitz. T. 2. Seria Colloquia Mathematica Societatis Janos Bolyai 27. North Holland,
1981, p. 835-873
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Periodic-Stochastic comparison

Stationarity of the material random field replaces periodicity in the deterministic case.

The physical ”averaging” phenomena are the same and the ingredients of the theoretical
proofs are (mostly) the same

In the stochastic case, the corrector problem is posed on the entire (space) domain rather
than on the periodic cell. The corrector problem is therefore a priori as expensive to
approximate as the full-scale problem.

When using the alternative formulation of the homogenized tensor, convergence is obtained
for very large sizes N → +∞, even when multiple Monte Carlo realizations are considered.
Approaches can be developed to improve that convergence
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Numerical simulation of homogenized coefficients

Alternative formulation of the corrector problem

There exist uniquely defined functions wk (x , θ), 1 ≤ k ≤ d , whose gradients are stationary, and
such that, if BN is a cube of side 2N in Rd , centered at the origin,

lim
N→+∞

1

(2N)d

∫

BN

(A(x , θ)(ek +∇wk (x , θ))) · ∇φ(x , θ)dx = 0,

∀φ ∈ H1
S (Rd ,H), P− almost everywhere

The gradients of wk have mean zero and

A∗ = lim
N→+∞

1

(2N)d

∫

BN

A(x , θ)(I +∇w(x , θ))dx , P− almost everywhere
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Numerical simulation of homogenized coefficients

Neumann and Dirichlet homogenized tensors

ǎN,M =
1

M(2N)d

M∑

i=1

∫

BN

A(x , θi )
(
I +∇w i

N(x)
)
dx , w i

N(x) computed with KUBC

âN,M =


 1

M

M∑

i=1

(
1

(2N)d

∫

BN

A(x , θi )
(
I +∇w i

N(x)
)
dx

)−1


−1

, w i
N(x) computed with SUBC

Theorem 5 (Convergence of approximate homogenized tensors 13)

lim
N→∞

ǎN,M = lim
N→∞

âN,M = a∗

The following hierarchy can be shown 14,

âN,M ≤ a∗ ≤ ǎN,M

Except for particular situations, for finite size N,

lim
M→∞

âN,M 6= lim
M→∞

ǎN,M 6= a∗

13. A. Bourgeat et A. Piatnitski. “Approximations of effective coefficients in stochastic homogenization”. In : Ann. Inst. Henri Poincaré 40 (2004),
p. 153-165. doi : 10.1016/j.anihpb.2003.07.003

14. C. Huet. “Application of variational concepts to size effects in elastic heterogeneous bodies”. In : J. Mech. Phys. Solids 38.6 (1990), p. 813-841. doi :
10.1016/0022-5096(90)90041-2
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Numerical illustration of convergence of estimates of homogenized tensors 15

(f) N = `c/10, Sample 1 (g) N = `c , Sample 1 (h) N = 10`c , Sample 1

(i) N = `c/10, Sample 2 (j) N = `c , Sample 2 (k) N = 10`c , Sample 2

Figure – Map of parameter A(x, θi ) (in logarithmic scale) for two realizations of each of the box sizes.

15. R. Cottereau. “Numerical strategy for the unbiased homogenization of random materials”. In : Int. J. Numer. Meth. Engr. 95.1 (2013), p. 71-90.
doi : 10.1002/nme.4502
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Numerical illustration of convergence of estimates of homogenized tensors

(a) N = `c/10 (b) N = `c (c) N = 10`c

Figure – Convergence of the homogenized coefficients ǎN,M (dark grey crosses) and âN,M (light grey circles)
for different box sizes N as a function of the numbers of Monte Carlo trials M. The dashed lines indicate the
values of the arithmetic average E[kε] and of the harmonic average E[k−1

ε ]−1. The solid lines indicate the value
of a∗ = 1.
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Quasi-periodic media 16

Figure – Silicon carbide fibres in a titanium matrix ( c© ONERA)

we consider a particular medium, of the type

A
( x
ε
, θ
)

= Aper

(
Φ−1

( x
ε
, θ
))

where Aper(x) ∈ L2
#([0, 1]d ) is a deterministic periodic material parameter field, and Φ(x , θ) is a

random diffeomorphism, whose gradient ∇Φ is assumed stationary in the sense that there exists
an ergodic group action τ such that, ∀k ∈ Zd ,

∇Φ(x + k, θ) = ∇Φ(x , τkθ), almost surely, almost everywhere in x

16. X. Blanc, C. Le Bris et P.-L. Lions. “Stochastic homogenization and random lattices”. In : Journal Mathématiques Pures Appliquées 88.1 (2007),
p. 34-63. doi : 10.1016/j.matpur.2007.04.006
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The particular case of perturbations of the identity
we are particularly interested in the case when (for a ”small” ε)

Φ(y , θ) = y + εΨ(y , θ) +O
(
ε2
)

In that case the matrix Aper(Φ−1(y , θ)) is formally close to a periodic matrix Aper(y).

The corrector is expanded w = w0 + εw1 +O
(
ε2
)

and both w0 and w1 = E[w1] are shown
to be solutions to deterministic periodic corrector problems (NB : tedious computations)

−∇ · (Aper(y) (Id +∇w0)) = 0

and

−∇ · (Aper(y)∇w1) = −∇ · (Aper(y) (E [∇Ψ]∇w0))

−∇ ·
((

E [∇ ·Ψ] Id − E [∇Ψ]T
)
Aper(y) (Id +∇w0)

)

The approximation of the homogenized matrix A∗ = A∗0 + εA∗1 +O
(
ε2
)

only requires the
knowledge of w0 and w1 (NB : tedious computations)

A∗0 =

∫

Y
Aper(y) (Id +∇w0) dy ,

and

A∗1 = −A∗0
∫

Y
E [∇ ·Ψ] dy +

∫

Y
E [∇ ·Ψ]Aper(y) (Id +∇w0) dy

+

∫

Y
Aper(y) (∇w1 − E [∇Ψ]∇w0) dy
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